In this paper we investigate a fractional order logistic map and its discrete time dynamics. After a brief introduction to the discrete-time dynamical systems and fractional dynamics we show some basic properties of the fractional logistic map. We then move on to prove that the special case α = 1/2 exhibits a period doubling route to chaos. A bifurcation diagram for the special case of α = 1/2 is also included. Finally a discussion concerning the results and open problems is given.
Introduction
The concept of fractional order differentiation and integration is nearly as old as the Calculus itself, see e.g. [16, 20, 25, 12] . Yet in the 17th century Leibnitz made remarks on the fractional derivative of order 1/2. Despite many fundamental results and important definitions found more than 150 years ago by Euler and Riemann, among others, the field of applications of fractional calculus has only recently started to draw essential interest, [3, 10, 8, 9, 24, 25, 15, 17] . Fractional calculus applications to physics involve c 2013 Diogenes Co., Sofia pp. 511-519 , DOI: 10.2478/s13540-013-0033-8 viscoelastic systems and electro-magnetic waves [9] , but also fractional order dynamical systems, fractional mechanics and fractional oscillators have been studied, [1, 17] . Fractional order differential equations have appeared, for example, in fractional quantum mechanics as well as in fractional generalizations of the Einstein field equations and cosmology, [6, 8] . Also fractional order generalizations of various other famous dynamical systems such as the fractional Lorenz-system, the Rössler systems [9] and Chen's system [10] have been investigated. Fractional generalizations of the logistic map have been investigated recently as well, see [5, 7, 14] . Neither of these generalizations have been shown to exhibit chaotic behavior. In [13] , a particular type of fractional logistic map was briefly introduced and numerically investigated and a period doubling route to chaos was hinted for the special case of α = 1/2. In this paper we show some basic results of this fractional logistic map and prove the period doubling route to chaos for the α = 1/2 case.
Discrete-time dynamical systems
The discrete dynamics of unimodal maps have been extensively studied in [26] . In particular, in population dynamics maps like the Ricker-family [26] :
1) or the Hassel-family [26] :
have been often considered. However, perhaps the most famous model for population dynamics is the logistic map:
( 1.3) The logistic map is a unimodal map defined on the half-line x ∈ [0, ∞[, but all of its interesting dynamics takes place on the bounded interval I = [0, 1] for 0 < λ ≤ 4. If we consider discrete time evolution by the mapping Q λ : I → I, letting the state to be x n at time n, then we have x n+1 = Q λ (x n ) at time n + 1. In the prescribed interval the parameter λ is increased which results in a period-doubling route to chaos. For more detailed background on unimodal maps and chaos, see e.g. [11, 26] .
Fractional calculus
There are many approaches to define the operators of fractional order differentiation and integration, but perhaps the most commonly used ones are the Riemann-Liouville-type operators and the Caputo-type operator, see [20, 18, 12] , etc. The Caputo-type operator is generally favored in cases of integer order initial conditions, better physically interpreted. The fractional logistic map investigated in this paper is based on the RiemannLiouville fractional operator, as done in [13] , defined as follows [20] .
which is called the Riemann-Liouville fractional derivative of order α.
A fractional derivative of order α = 1/2 is called also a semi-derivative, and a fractional integral of the same order is called semi-integral, [16] . It is well known that the fractional R-L integral satisfies the important semigroup property:
For more information regarding theory of classical fractional calculus and its applications, see [20, 18] , etc., in and for the recent history of fractional calculus research, see [25] .
Fractional dynamics

Properties of the fractional logistic map
There are a number of approaches to fractional logistic maps, as in [5, 7, 13, 14] . The particular fractional logistic map studied in this paper is a spatial fractional generalization of the logistic map, developed in Munkhammar [13] . 
is called the fractional logistic map of order α.
As a motivation for the fractional logistic map, we state the following statement. 
for at least x ≥ 0, α, β > 0, see also [12, p.7] . Thus we get:
The fractional logistic map (2.1) approximates the fractional logistic map for α ∼ 0. We also give a corollary that for α → 0 the fractional logistic equation equals the logistic equation. Namely, 
The dynamics of the semi-logistic map was briefly studied numerically in Munkhammar [13] , and we give here briefly some numerical results in Section 2.3. Now we establish some properties of the fractional logistic map. 
Note that λ > 0 is a part of the definition of the fractional logistic map (Definition 2.1) .
2
The dynamics of a discrete dynamical system is defined through its fixed points and in order to find fixed points of the fractional logistic map the following identity needs to be resolved:
This identity leads to the following equation:
that has non-fractional solutions for α ∈ N corresponding to simple integer integrations of the logistic map.
Chaos
In this section we show that the α = 1/2 fractional logistic map exhibits chaos. In order to prove this we first need to give the definition of the Schwarzian derivative. Definition 2.3. For a function f ∈ C 3 we define
as the Schwarzian derivative of f .
We also need a theorem regarding chaos and the Schwarzian derivative, [11, 21] . The proof of this theorem can be found in Singer [22] . For more details on unimodal maps and the Schwarzian derivative, see [11, 21] . The following hold for the fractional logistic map:
This brings the following Schwarzian derivative (2.3) of the fractional logistic map Q α λ (x) (2.2):
The general solution of (2.13) is non-trivial. But in Munkhammar [13] the chaos was numerically shown to emerge from the special case of the semi-logistic map (2.2). Namely, Theorem 2.4. The semi-logistic map (2.2):
14)
exhibits a period-doubling route to chaos with bifurcation parameter λ.
P r o o f. Let α = 1/2 in (2.13) we get:
(2.16) By Theorem 2.3 this shows that the semi-logistic map experiences a chaotic period doubling route to chaos.
2 Theorem 2.4 shows that at least for a special case the fractional logistic map experiences a period doubling route to chaos. A brief numerical study of the semi-logistic map is presented in next Section 2.3.
Numerical simulations
The semi-logistic map was investigated numerically and a bifurcation diagram as λ is increasing from 4.5 to 6.0 is shown in Figure 1 The appearance of this bifurcation diagram in Figure 1 is similar to that observed for the logistic map, by Thunberg [26] .
Discussion
In this paper we discuss the discrete time evolution in a particular form of fractional logistic map. We mention some basic properties of the fractional logistic map and show that for the special case α = 1/2 it experiences a period doubling route to chaos. The proof for the general case of a period doubling route to chaos for the fractional logistic map is left as an open problem. In addition to this, the fractional logistic map is numerically simulated and a bifurcation diagram of the semi-logistic map α = 1/2 is given. The generalization of fractional logistic maps, including this one, largely remains open for investigation.
Further, let us mention that investigating the general connection between this map and various applications in fractional calculus could be of interest, especially since most fractional dynamical systems involve time and not space as the fractional parameter. The chaos theory for discrete maps is well understood, but how it is related to fractional calculus phenomena is perhaps less clarified and need a further investigation.
